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ABSTRACT
This paper continues the approach of Kostenko & Thompson (2018) to calculating
quantum electrodynamic processes in the ultrastrong magnetic field near some neutron
stars, such as magnetars or merging binary neutron stars. Here we consider electron-
positron scattering, the Coulomb scattering of electrons and positrons off ions, and
relativistic e±-ion bremsstrahlung. The evaluation of differential and total cross sections
simplifies considerably when the magnetic field lies in the range 103BQ  B  BQ,
where BQ ≡ m2/e = 4.4 × 1013 G. Then, relativistic motion of e± is possible even
when restricted to the lowest Landau state. Accurate results for differential and total
cross sections are obtained by truncating the sum over intermediate-state Landau levels
and otherwise disregarding terms inversely proportional to the magnetic field, which are
complicated enough to have inhibited previous attempts to calculate magnetic electron-
positron scattering and relativistic bremsstrahlung. A quantitative account is made of
the effects of Debye screening.
Keywords: radiation mechanisms: general – relativistic processes – scattering – mag-
netic fields – stars: magnetars
1. INTRODUCTION
An unusual electrodynamic regime is encountered near the surfaces of some neutron stars, e.g.
magnetars, where free electrons and positrons may be largely restricted to longitudinal motion along
a very strong magnetic field. The relative rates of various electrodynamic processes can be altered
dramatically by the presence of a magnetic field exceeding BQ = m
2/e = 4.4 × 1013 G, where m
and −e are the electron mass and charge, respectively. The calculations presented here are partly
motivated by a desire to understand the bright nonthermal X-ray emission of magnetars, which
extends with rising intensity to at least 100 keV (Kuiper et al. 2006; Mereghetti et al. 2006), and the
onset of pair fireballs around bursting magnetars (Thompson & Duncan 2001) and inspiraling and
colliding neutron stars (Hansen & Lyutikov 2001).
A companion paper (Kostenko & Thompson 2018) gives a simplified, but accurate, description
of electron-photon scattering, electron-positron pair creation, and pair annihilation in ultrastrong
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magnetic fields. In the regime considered, incoming, outgoing, and internal electron lines are all
restricted to the lowest Landau level. Here a similar approach is adopted for Coulomb scattering of
electrons and positrons off ions, relativistic e±-ion bremsstrahlung, and electron-positron scattering.
The complications introduced by performing the full sum over intermediate-state Landau levels ap-
pear to have inhibited previous attempts to calculate the last two processes. We are able, for the
most part, to present results for differential and total cross sections in terms of compact analytic
formulae. In each case, an ab initio calculation is performed in the regime where relativistic electrons
and positrons may be inhibited from Landau transitions (B > BQ) but nonlinearities due to vacuum
polarization are of secondary importance (B  10α−1emBQ ∼ 103BQ, where αem ' 1/137 is the fine
structure constant).
The basic rates of magnetic electron-photon scattering and electron-positron annihilation (as re-
viewed by Harding & Lai 2006; Kostenko & Thompson 2018) are well covered in the literature.
Nonetheless, our simplified approach permitted a detailed examination of secondary effects, which
have a strong influence on overall rates, including the conversion of final-state photons to electron-
positron pairs (which is kinematically possible in the presence of the magnetic field; Erber 1966;
Berestetskii et al. 1971; Daugherty & Harding 1983; Kostenko & Thompson 2018) and the enhance-
ment in scattering associated with a u-channel pole involving an intermediate-state positron.
As for the processes considered here, electron-positron scattering in a strong magnetic field is
treated for the first time. The Coulomb scattering of nonrelativistic electrons by fixed ions into a
range of Landau states was considered by Ventura (1973), Pavlov & Yakovlev (1976), and Miller
et al. (1987) and generalized to include relativistic electron motion by Bussard (1980) and Langer
(1981). Free-free emission by nonrelativistic electrons and static ions was calculated to all orders in
the background magnetic field by Pavlov & Panov (1976), and a simplified treatment applicable to
sub-QED magnetic fields was also given by Canuto et al. (1969) and Lieu (1983). Quantized Landau
excitations of the ion, which may be followed by rapid radiative de-excitation, lead to important
modifications of Coulomb scattering and bremsstrahlung. Ion recoil without Landau excitations
was included by Neugebauer et al. (1996). A full treatment of ion Landau excitations during both
Coulomb scattering and free-free emission has been given, in the case of nonrelativistic electrons, by
Potekhin & Chabrier (2003), Potekhin & Lai (2007), and Potekhin (2010).
The introduction of super-QED magnetic fields now leads to a second simplification: not only does
a transrelativistic electron remain confined to its lowest Landau level, but, in addition, the cross
section for the transition of a proton up (or down) in Landau level is substantially reduced. For both
e±-ion scattering and free-free emission, this reduction is by a factor of ∼ BQ/B. This behavior has a
heuristic semiclassical explanation: the excitation of a proton to the first Landau level requires that
it gain a gyrational momentum p2⊥ = 2eB = 2(B/BQ)m
2, but a proton receives at most momentum
∼ m by recoil from a transrelativistic electron moving along the magnetic field. This means that
collisionally induced emission at the proton cyclotron resonance (around 10 keV near the surface of
a magnetar) need not overwhelm bremsstrahlung at 30-300 keV.
These two simplifications allow us to obtain a closed-form expression for the bremsstrahlung cross
section with relativistic electron motion and an immobile ion. A calculation of relativistic free-free
emission by e± interacting with an ion already in an excited Landau state is beyond the scope of
this paper. Depending on the astrophysical context, either relativistic motion of electrons or Landau
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quantization of ions will be the more important effect, in which case either the present results or
those of Potekhin & Lai (2007) will be more relevant.
The electrostatic interaction between electrons and positrons (forming positronium atoms; Shabad
& Usov 1985) or between electrons and protons (forming hydrogen atoms; Harding & Lai 2006, and
references therein) is enhanced by a strong magnetic field. Nonetheless, it will have a small effect
on the cross section for Coulomb scattering of transrelativistic electrons and positrons. We quantify
here for the first time its effect on relativistic free-free emission, where the correction is found to be
at the ∼ 10% level.
This paper is organized as follows. Section 2 contains an abridged overview of our procedure for
evaluating matrix elements in a background magnetic field. Each calculation is performed using the
magnetized electron and positron wave functions introduced by Sokolov & Ternov (1968) and Melrose
& Parle (1983).
Electron-positron scattering is considered in Section 3. The annihilation channel (s-channel) con-
tains a pole that is modified by the decay of the intermediate-state photon into a pair. By contrast,
electron-electron scattering (Langer 1981) is uninteresting when all initial- and final-state particles
are confined to the lowest Landau state.
Next, in Section 4, we show how Debye screening modifies the cross section for relativistic e± scat-
tering off an immobile ion; in a one-dimensional plasma, screening has an important buffering effect
on scattering at large impact parameters. A comparison is also made with the classical treatment,
where complicated chaotic behavior is encountered in the case of electron-ion scattering (Hu et al.
2002).
Lastly, we consider relativistic bremsstrahlung in the Born approximation in Section 5. The Gaunt
factor is evaluated over a wide range of frequencies, and an estimate is given of the error caused
by the neglect of the electron-ion interaction in the electron wave function (Section 5.4). Free-free
emission is also compared with radiative recombination into a bound hydrogen atom.
We adopt natural units (~ = c = kB = 1) throughout this paper, along with the (+−−−) metric
signature. The Dirac gamma matrix convention matches that used by Melrose & Parle (1983),
γ0 =
(
1 0
0 −1
)
; γj =
(
0 σj
−σj 0
)
. (1)
Here, each 0 and 1 element denotes a 2 × 2 matrix, and σj are the usual Pauli matrices. Landau
gauge A = Bxyˆ is chosen for the background vector potential, and we alternatively use Cartesian
coordinates (x, y, z) and spherical coordinates (θ, φ) (with the axis θ = 0 aligned with +zˆ) to describe
the wavevectors of interacting particles.
2. RULES FOR COMPUTING QED PROCESSES IN A BACKGROUND MAGNETIC FIELD
This section summarizes basic properties of electron, positron, and photon wave functions in a back-
ground magnetic field, along with the coordinate space Feynman rules. A more complete description
can be found in Kostenko & Thompson (2018).
1. The photon wave function is written as
Aµ(xν) =
εµ
(2ωL3)1/2
e−ik·x; kµ = ω(1, kˆ), (2)
where kµ is the wave 4-vector and L3 is the normalization volume.
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2. The two photon polarization states are labeled as the ordinary (O) mode,
εzO = sin θ; ε
±
O = ε
x
O ± iεyO = − cos θe±iφ, (3)
with an electric vector partly aligned with the background magnetic field, ε · B 6= 0; and the
extraordinary (E) mode,
εzE = 0; ε
±
E = ∓ie±iφ, (4)
with ε · B = 0 (see Meszaros & Ventura 1979; Harding & Lai 2006). When Landau resonances
are kinematically forbidden, the polarization dependence of the processes we consider reduces to a
dependence on εz, effectively decoupling the E-mode.
3. The electron and positron wave functions are written, following Sokolov & Ternov (1968) and
Melrose & Parle (1983), as[
ψ
(σ)
∓ (x
µ)
]
pz ,n,a
=
{
e−ip·x u(σ)n,a(x) (electrons);
eip·x v(σ)n,a(x) (positrons).
(5)
Here σ = ±1 labels the spin state; a, the x coordinate of the center of gyration; and pµ, the momentum
4-vector,
pµ = (E, 0, py, pz); py = aqB = sgn(q)
a
λ2B
(q = ±e), (6)
where λB ≡ (|e|B)−1/2 = (B/BQ)−1/2m−1. Under charge conjugation, the sign of pµ reverses, and so
the gyration center remains fixed. The energy-momentum relation of an electron or positron state is
E2 = p2z +m
2 + p2n; p
2
n ≡ 2n|e|B ≡ E20n −m2, (7)
where n ≥ 0 is the Landau level. Introducing the harmonic oscillator wave functions φn,
φn(x− a) = 1
L(pi
1
2λB2nn!)
1
2
Hn
(
x− a
λB
)
e−(x−a)
2/2λ2B , (8)
where Hn is the order-n Hermite polynomial, the positive-energy spinors u
(σ)
n,a(x) are
u(−1)n,a (x) =
1
fn

−ipzpnφn−1
(E + E0n)(E0n +m)φn
−ipn(E + E0n)φn−1
−pz(E0n +m)φn
 ; u(+1)n,a (x) = 1fn

(E + E0n)(E0n +m)φn−1
−ipzpnφn
pz(E0n +m)φn−1
ipn(E + E0n)φn
 ; (9)
while the negative-energy spinors v
(σ)
n,a(x) are
v(+1)n,a (x) =
1
fn

−pn(E + E0n)φn−1
−ipz(E0n +m)φn
−pzpnφn−1
i(E + E0n)(E0n +m)φn
 ; v(−1)n,a (x) = 1fn

−ipz(E0n +m)φn−1
−pn(E + E0n)φn
−i(E + E0n)(E0n +m)φn−1
pzpnφn
 . (10)
Here we have introduced fn = 2
√
EE0n(E0n +m)(E0n + E). As is shown by Kostenko & Thompson
(2018), the spinors with finite pz are obtainable by a Lorentz boost from the state pz = 0.
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4. The overlap of the photon wave function (wavevector kµ) with a pair of harmonic oscillator wave
functions yields a factor e−λ
2
B(k
2
x+k
2
y)/4 ≡ e−λ2Bk2⊥/4:∫
d3xeik·xφn(x− a)φ0(x− b)e−iay/λ2B
(
e−iby/λ
2
B
)∗
eipz
(
eiqz
)∗
=
(2pi)2
(2nn!)
1
2
δ
(
ky − a− b
λ2B
)
δ(kz + p− q)e−λ2Bk2⊥/4eikx(b+λ2Bky/2)λnB(−ky + ikx)n,
(11)
as derived by Daugherty & Bussard (1980).
5. A vertex between photon and electron lines is written as the spacetime integral
−ie
∫
d4x
[
ψ¯
(σI)
− (x)
]
pz,I ,nI ,aI
γµA
µ(x)
[
ψ
(σi)
− (x)
]
pz,i,ni,ai
= − ie
(2ωL3)1/2
∫
d4x e−i(pi±k−pI)·x u¯(σI)nI ,aI (x)γµε
µu(σi)ni,ai(x). (12)
Here i and I label incoming and internal positive-energy electron states, and the photon is either
absorbed (wavevector +kµ) or emitted (−kµ). The vertex between an incoming electron and an
internal positron is obtained by substituting −pI and v¯(−σI)nI ,aI for pI and u¯(σI)nI ,aI .
6. An internal electron line is represented by the propagator in coordinate space,
GF (x
′ − x)=−i
∫
L
daI
2piλ2B
∫
L
dpz,I
2pi
∞∑
nI=0
[
θ(t′ − t)
∑
σI
u(σI)nI ,aI (x
′)u¯(σI)nI ,aI (x)e
−iEI(t′−t)eipI ·(x
′−x)
−θ(t− t′)
∑
σI
v(σI)nI ,aI (x
′)v¯(σI)nI ,aI (x)e
iEI(t
′−t)e−ipI ·(x
′−x)
]
. (13)
7. An internal photon line is also represented by the propagator in coordinate space,
Gµνγ (x
′ − x) = iηµν
∫
d3q
2ω(2pi)3
[
θ(t′ − t)e−iq·(x′−x) + θ(t− t′)eiq·(x′−x)
]
, (14)
where ηµν is the metric tensor.
8. The combined integral over t and t′ generates a combination of an energy delta function and an
energy denominator:
∓i
∫
dt
∫
dt′θ[∓(t− t′)]ei(Ef+ωf∓EI)t′ e−i(Ei∓EI)t = 2piδ(Ei − Ef − ωf )
Ei ∓ EI . (15)
Here i and f label incoming and outgoing particles in the case of photon emission by an electron or
positron.
9. The contraction of the polarization vector with γ matrices is
γ0γµε
µ
i = −

0 0 εzi ε
−
i
0 0 ε+i −εzi
εzi ε
−
i 0 0
ε+i −εzi 0 0
 ; (i = O,E). (16)
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10. The matrix element Sfi includes energy and momentum delta functions, which, once squared,
are handled according to (e.g. in the case of electron-positron scattering from initial state i to final
state f)
[2piδ(pz−,i + pz+,i − pz−,f − pz+,f )]2 → L · 2piδ(pz−,i + pz+,i − pz−,f − pz+,f );[
2piδ
(
a+,i − a−,i − a+,f + a−,f
λ2B
)]2
→ L · 2piδ
(
a+,i − a−,i − a+,f + a−,f
λ2B
)
;
[2piδ(E−,i + E+,i − E−,f − E+,f )]2 → T · 2piδ(E−,i + E+,i − E−,f − E+,f ). (17)
Here T is the normalization time. No delta function in px appears for our choice of background
gauge. For the sake of brevity, such a combination of delta functions will be written in the following
way:
δ
(3)
fi (E, py, pz). (18)
11. Summing over the phase space of a final-state photon involves the integral∫
L3
ω2fdωfdΩf
(2pi)3
, (19)
where Ωf is the solid angle. For a final-state electron or positron, there is no sum over the x-
component of momentum; hence, the integral
|e|B
2pi
∫
Ldaf
∫
L
dpz,f
2pi
=
∫
L
daf
2piλ2B
∫
L
dpz,f
2pi
. (20)
3. ELECTRON-POSITRON SCATTERING
Here we consider electron-positron (Bhabha) scattering in the presence of a magnetic field,
e−i + e
+
i → e−f + e+f , (21)
with the initial and final particles all confined to the lowest Landau state. (Throughout this paper,
the labeling of initial and final states is summarized in the accompanying Feynman diagram; see
Figure 1 for the case at hand.) The particle kinetic energies are assumed to be well above the
binding energy of positronium, which is (Shabad & Usov 2006)
|E±,0| ' α
2
em
4
(
ln
B
BQ
)2
m (22)
in a strong magnetic field. Although the electron-positron interaction is important for adiabatic
conversion of a photon moving through a curved magnetic field into a pair (Shabad & Usov 1985),
the virtual photon appearing in the scattering of warm electrons and positrons is far from the pair
creation threshold.
Forward Coulomb scattering features a divergence (Langer 1981) that is resolved when one takes
into account electric field screening (Potekhin & Lai 2007). However, in the case where all particles
are confined to the lowest Landau level, the conservation of momentum and energy implies that
pz−,f = pz−,i, pz+,f = pz+,i. The effects of forward scattering are therefore uninteresting, and we
focus on backscattering of the electron and positron, corresponding to pz−,f = pz+,i, pz+,f = pz−,i.
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Figure 1. Feynman diagrams for electron-positron scattering. The left diagram [1] represents the scattering
(t) channel, and the right diagram [2] represents the annihilation (s) channel.
The cross section is obtained from the integral
σ =
1
|β+ − β−|
∫
da+,i
L
∫
da−,fL
2piλ2B
∫
da+,fL
2piλ2B
∫
dpz−,fL
2pi
∫
dpz+,fL
2pi
L3
T
∣∣∣Sfi[1] + Sfi[2]∣∣∣2, (23)
where β = pz/E. The S-matrix has two terms, corresponding to the two diagrams in Figure 1. For
the annihilation diagram, it is
Sfi[2]=−ie2
∫
d4x
∫
d4x′
[
ψ¯
(−1)
− (x
′)
]
pz−,f ,n=0,a−,f
γµ
[
ψ
(+1)
+ (x
′)
]
pz+,f ,n=0,a+,f
Gµνγ (x
′ − x)
×
[
ψ¯
(+1)
+ (x)
]
pz+,i,n=0,a+,i
γν
[
ψ
(−1)
− (x)
]
pz−,i,n=0,a−,i
. (24)
Substituting for the photon propagator from Equation (14), this becomes
Sfi[2] =
ie2
(2pi)2
δ(E−,i + E+,i − E−,f − E+,f )
∫
d3q
I2,µη
µνI1,ν
(E+,i + E−,i)2 − ω2 , (25)
where
I1,ν =
∫
d3x
[
v
(+1)∗
0,a+,i
(x)
]T
γ0γνu
(−1)
0,a−,i(x)e
i(p+,i+p−,i)·x⊥+i(pz+,i+pz−,i)ze−iq·x, (26)
and
I2,µ =
∫
d3x′
[
u
(−1)∗
0,a−,f (x
′)
]T
γ0γµv
(+1)
0,a+,f
(x′)e−i(p+,f+p−,f )·x
′
⊥−i(pz+,f+pz−,f )z′eiq·x
′
. (27)
These integrals are evaluated in Appendix A.
We work in the center-of-momentum frame, where pz−,i = −pz+,i = pz, β−,i = −β+,i = β, and
E−,i = E+,i = E, giving
Sfi[2] = −i e
2m2
L4E2
∫
dqx
exp
[
iqx(a+,f + a−,f − a+,i − a−,i)/2− λ2B(q2x + q2y)/2
]
4E2 − q2x − q2y
(2pi)2δ
(3)
fi (E, py, pz).
(28)
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Here the conservation of momentum implies qy = qy,2 ≡ (a+,i − a−,i)/λ2B and qz = pz+,i + pz−,i = 0.
The matrix element for the scattering diagram can be obtained from Sfi[2] by exchanging the
momenta of the initial-state positron and the final-state electron, pµ+,i ↔ −pµ−,f and a+,i ↔ a−,f ,
Sfi[1] = −i e
2m2
L4E2
∫
dqx
exp
[
iqx(a+,f + a+,i − a−,f − a−,i)/2− λ2B(q2x + q2y)/2
]
q2z + q
2
y + q
2
x
(2pi)2δ
(3)
fi (E, py, pz).
(29)
Here qz = pz−,i − pz−,f = 2pz (for backscattering) and qy = qy,1 ≡ (a−,f − a−,i)/λ2B.
To evaluate these integrals over qx, we invoke the translational invariance of the background to set
a−,i = 0 and also take λB → 0 in the exponentials. We consider first the scattering diagram, which
has poles at qx = ±i
√
4p2z + q
2
y,1, so that the exponent becomes exp[iqxa+,i]. Depending on the sign
of a+,i, we close the contour at positive or negative imaginary qx, yielding
Sfi[1] = −i e
2m2
2L4E2
exp
[
−|a+,i|
√
4p2z + q
2
y,1
] sgn(a+,i)√
4p2z + q
2
y,1
(2pi)3δ
(3)
fi (E, py, pz). (30)
As for the annihilation diagram, we must take into account the finite width of the intermediate-
state photon, which has an energy exceeding 2m. The decay rate of a photon into a pair confined to
the lowest Landau level is (Kostenko & Thompson 2018)
Γ±(ω, θ) = 2αem
B
BQ
m4
ω2⊥(ω
2
⊥ − 4m2)1/2
e−(BQ/2B)(ω⊥/m)
2
sin θ; ω⊥ = ω sin θ. (31)
Substituting ω = |q| → |q| − iΓ±/2, the integral in Equation (28) gives
Sfi[2] =
e2m2
2L4E2
exp
[
|a−,f |(iqresx,R − qresx,I)
]sgn(a−,f )
qresx
(2pi)3δ
(3)
fi (E, py, pz). (32)
Here qresx = q
res
x,R + iq
res
x,I , where
(qresx,R)
2 =
1
2
(4E2−q2y,2)+
1
2
√
(4E2 − q2y,2)2 + ω2Γ2±; (qresx,I)2 = −
1
2
(4E2−q2y,2)+
1
2
√
(4E2 − q2y,2)2 + ω2Γ2±.
(33)
Near the pole, one has ω = 2E to lowest order in Γ±.
Substituting Equations (30) and (32) into Equation (23) gives the total cross section
σ=
e4m4
16pi|pz|E3
∫
da+,i
da−,f
λ2B
da+,f
λ2B
∫
dpz−,fdpz+,f δ
(3)
fi (E, py, pz)
×
∣∣∣∣∣∣sgn(a−,f )qresx exp
[
|a−,f |(iqresx,R − qresx,I)
]
− i sgn(a+,i)√
4p2z + q
2
y,1
exp
[
−|a+,i|
√
4p2z + q
2
y,1
]∣∣∣∣∣∣
2
.
(34)
The integrand involves four terms – an annihilation term, a scattering term, and two cross terms.
The cross terms, when integrated over a+,f using the delta function, yield terms of the form
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sgn(a+,i)sgn(a−,f )f(|a+,i|, |a−,f |), and vanish after further integration over a+,i, a−,f . The remaining
terms can be integrated in a straightforward manner, giving
σ =
piα2emm
4
4E2p4z
[
1 + β2
2E
Γ±
(
pi
2
+ arcsin
1√
1 + Γ2±/4E2
)]
. (35)
This result can be self-consistently applied when the energy of the incoming electron and positron
is too small to permit excitation to the first Landau level, e.g. p2z < 2|e|B = 2(B/BQ)m2. The
t-channel dominates at low energy, with a Rutherford-like scaling in momentum, σ ∝ p−4z . The
s-channel begins to dominate when β2 & Γ±/m.
4. SCATTERING OF ELECTRONS AND POSITRONS OFF HEAVY IONS
Here we consider the scattering of relativistic electrons and positrons by heavy ions (Figure 2),
Z + e±i → Z + e±f , (36)
in a magnetic field B  BQ. The ion is treated as a fixed Coulomb field centered at x = y = z = 0,
A0ion(x) =
Ze
4pi
√
x2 + y2 + z2
. (37)
We assume that the ion has no gyrational motion in the initial state. Excitation to a higher Landau
level during scattering is suppressed by a factor of ∼ BQ/B (compare Equations (8) and (9) of
Potekhin & Lai (2007) evaluated for final Landau state N ′ = N + 1 = 1 as compared with N ′ = N =
0).
4.1. Quantum Scattering
We work in the Born approximation, where the deformation of the incoming and outgoing spinor
wave functions by the Coulomb field is ignored. In the case of electron-proton scattering, this is a
good first approximation if the initial kinetic energy of the electron is much larger than the binding
energy of hydrogen in the strong magnetic field, which is (Harding & Lai 2006)
Ei −m  |EH,0| ≈ 0.32
(
ln
B
α2emBQ
)2
Ryd = 8.7× 10−6
(
ln
B
α2emBQ
)2
m. (38)
A characteristic impact parameter for the incoming particle is ai ∼ 1/pz,i, which greatly exceeds
the localization length λB of the electron or positron in the dimensions transverse to B. As a result,
given our choice of background magnetic gauge, the scattered particle can be assigned a well-defined
impact parameter x = ai with respect to the Coulomb center. Focusing on electron-ion scattering,
the matrix element written in coordinate space is
Sfi = −ie
∫
d4x
[
ψ¯
(−1)
− (x)
]
pz,f ,n=0,af
γ0A
0
ion(x)
[
ψ
(−1)
− (x)
]
pz,i,n=0,ai
. (39)
The spatial portion of this integral is∫
d3x
[
u
(−1)∗
0,af
(x)
]T
A0ion(x)u
(−1)
0,ai
(x) ei(pi−pf )·x⊥+i(pz,i−pz,f )z
=
Ze
2
K0[(pz,i − pz,f )b] pz,ipz,f + (Ei +m)(Ef +m)
L2[EiEf (Ei +m)(Ef +m)]1/2
δ
(
af − ai
λ2B
)
. (40)
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Figure 2. Feynman diagram for electron-ion scattering. The ion is approximated as infinitely heavy and is
represented by a fixed Coulomb field (gray line).
As we explain in Appendix B, the delta function in ai arises in the regime ai  λB, meaning that
over most impact parameters the scattered particle is only weakly deflected across the very strong
magnetic field.
We therefore focus on the case of backscattering, pz,f = −pz,i. Performing the time integral gives
Sfi = −iZe
2
L2
2pim
Ei
K0(2pz,iai) δ
(
af − ai
λ2B
)
δ(Ei − Ef ). (41)
The absence of a delta function in pz follows from our assumption of an immobile ion. The cross
section per unit area is
1
2piai
dσ
dai
=
1
|βi|
L
T
∫
L
daf
2piλ2B
∫ 0
−∞
L
dpz,f
2pi
|Sfi|2 = Z
2e4
4pi2β2i γ
2
i
K20(2pz,iai), (42)
where γi = Ei/m and βi = pz,i/Ei. The integral over impact parameter converges, giving a total
cross section
σ =
piZ2r2e
β4i γ
4
i
(43)
for backscattering of an electron off a heavy positive ion. Here re = αem/m is the classical electron
radius. The cross section for positron-ion scattering, evaluated in the same Born approximation, is
identical to Equation (43).
The dependence of σ on the incoming particle momentum is as expected for relativistic Rutherford
backscattering. It also lines up with the B →∞ limit of the electron-ion backscattering cross section
derived in Bussard (1980).
The effect of Debye screening on Coulomb scattering has previously been computed in the non-
relativistic regime by Pavlov & Yakovlev (1976), Neugebauer et al. (1996), and Potekhin & Lai
(2007). It is straightforward to include in the present situation, where relativistic electrons or
positrons are confined to the lowest Landau level. Allowing for a background electron gas of num-
ber density ne and temperature T , the ion’s electric field is reduced by a factor exp(−r/rD), where
rD = (T/4pineZ
2e2)1/2. Then, we find
σ =
piZ2r2e
β2i γ
2
i
1
β2i γ
2
i + 1/4m
2r2D
. (44)
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Taking the nonrelativistic limit, this reproduces the results of Pavlov & Yakovlev (1976) and Neuge-
bauer et al. (1996). The softening of the momentum dependence of the cross section has an important
effect on ion-electron drag when the electrons have a one-dimensional momentum distribution.
4.2. Classical Scattering
There are dramatic differences in the classical backscattering of electrons and positrons off positive
ions that are not evident in the quantum Born calculation. The result for positron-proton scattering
(like charges) is shown in Figure 3. As the background magnetic field B → ∞, the cross section
approaches the simple kinematic result pir2e/(γi−1)2, which is obtained by treating the light charge as
a bead on a wire and finding the critical impact parameter where the Coulomb repulsion absorbs its
asymptotic kinetic energy. On the other hand, the classical cross section approaches the low-energy
quantum result when γi − 1 & 0.1(B/BQ)2/3.
The case of opposite-charge Coulomb scattering in a magnetic field reveals complicated chaotic
motion (Hu et al. 2002). The transfer of Coulomb energy to gyrational motion allows the classical
electron to remain in the neighborhood of the ion for long intervals, whose precise duration is ex-
tremely sensitive to the energy at infinity. Furthermore, the cross section tends to zero as B → ∞,
because backscattering requires motion across the magnetic field. This suppression is absent in the
quantum case, because the incident wavepacket can backscatter off an attractive potential.
5. RELATIVISTIC e±-ION BREMSSTRAHLUNG
We now consider bremsstrahlung (free-free) emission by an electron or positron interacting with a
heavy ion of charge Ze, as modified by the presence of a background magnetic field (Figure 4),
Z + e−i → Z + e−f + γ. (45)
In contrast with Pavlov & Panov (1976), we allow for relativistic electron motion but focus on the
case B  BQ, where the initial, intermediate, and final electron lines can be restricted to the lowest
Landau level. We then calculate the thermally averaged emissivity for a range of temperatures. The
error introduced by the adoption of the Born approximation (the neglect of the electrostatic electron-
ion interaction in the spinor wave functions) is also quantified: it decreases with increasing electron
temperature. We also show that radiative recombination into bound electron-ion states is suppressed
relative to free-free emission by a strong magnetic field.
5.1. Derivation
As in Section 4, we treat the ion as a fixed Coulomb field centered at x = y = z = 0 and neglect
gyrational excitation of the ion in the initial state. The emission of a photon of energy ' eB/mp
has a resonantly enhanced cross section associated with the transition of the ion to a higher Landau
level (e.g. Potekhin & Lai 2007), but in a super-QED magnetic field this need not exceed the cross
section for free-free emission with the ion remaining in the ground Landau state, being suppressed by
a factor ∼ (B/BQ)−1. For transrelativistic electrons, the relative importance of resonant emission is
further reduced by the fact that most of the energy in free-free photons is radiated near ω ∼ m (when
there is no Landau transition of the ion), well above the ∼ 10 keV energy of the proton cyclotron
line near the surface of a magnetar.1
1 For subrelativistic electrons, the ratio of resonant to nonresonant bremsstrahlung cross sections is ∼
(3pi/8)(αemB/BQ)
−1 at ω ' eB/mp, which is not much different from unity when B ∼ 102BQ. This may be
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Figure 3. Classical and quantum cross sections for the backscattering of a positron off a proton in a strong
magnetic field, vs. initial kinetic energy. The positron is confined to the lowest Landau state, and the
proton is approximated as a fixed Coulomb potential. As B rises, the classical cross section approaches the
simple kinematic result pir2e/(γi − 1)2; whereas it approaches the low-energy quantum result when γi − 1 &
0.1(B/BQ)
2/3.
checked by considering the inverse process of free-free absorption, as given by Equations (B1)-(B11) of Potekhin &
Lai (2007) and applying Kirchhoff’s law. The resonant contribution to the cross section (B1) for free-free absorption
(polarization index α = +1) is averaged over frequency near ω = eB/mp, and compared with the nonresonant contri-
bution (polarization index α = 0). Note that whereas both E-mode and O-mode photons have a component of their
electric vectors proportional to the basis vector (εx + iεy)/
√
2 (corresponding to α = +1), only the O-mode overlaps
with εz (α = 0).
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Figure 4. Feynman diagrams for bremsstrahlung, evaluated in the approximation where the ion is infinitely
heavy and represented by a fixed Coulomb potential (gray line).
Following the same logic outlined in Section 4, we assign the incoming electron an impact parameter
ai with respect to the ion. (The calculation for positron-ion bremsstrahlung gives an identical result.)
The first term in the matrix element is
Sfi[1] = −ie2
∫
d4x
∫
d4x′
[
ψ¯
(−1)
− (x
′)
]
pz,f ,n=0,af
γνA
ν(x)∗Gf (x′−x)γ0A0ion(x)
[
ψ
(−1)
− (x)
]
pz,i,n=0,ai
.
(46)
Substituting for the electron propagator from Equation (13), this becomes
Sfi[1] = −ie
2
2pi
(
L
2ω
)1/2
δ(Ei − Ef − ω)
∫
dpI
∫
daI
λ2B
(
I1I2
Ei − EI +
I3I4
Ei + EI
)
, (47)
where
I1 =
∫
d3x
[
u
(−1)∗
0,aI
(x)
]T Ze
4pi
√
x2 + y2 + z2
u
(−1)
0,ai
(x)ei(pi−pI)·x⊥+i(pz,i−pz,I)z (48)
and
I2 =
∫
d3x′
[
u
(−1)∗
0,af
(x′)
]T
γ0γν
(
ενfe
ik·x′
)∗
u
(−1)
0,aI
(x′)ei(−pf+pI)·x
′
⊥+i(−pz,f+pz,I)z′ . (49)
The integral I3 is obtained from I1, and I4 from I2, by replacing u
(−1)
0,aI
(x′) with the negative-energy
wave function v
(+1)
0,aI
(x′), and taking pI → −pI .
These integrals are evaluated in Appendix B; substituting into Equation (47) gives
Sfi[1]=
iZe3pi
(2ωL7)1/2
δ(Ei − Ef − ω) δ
(
af − ai
λ2B
− ky
)
(εz)∗e−ikx(ai+af )/2e−λ
2
Bk
2
⊥/4
× K0[(pz,i − pz,f − kz)ai]F (pz,i, pz,f , kz)
[EiEf (Ei +m)(Ef +m)]1/2(E2i − E2I )
. (50)
Here
F ≡ pz,i(Ef +m)(Ei+Ef−2m)+pz,f (Ei+m)(Ei+Ef +2m)+kz[pz,ipz,f +(Ei+m)(Ef +m)], (51)
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where E2I = p
2
z,I + m
2 = (pz,f + kz)
2 + m2, and E2i − E2I = (pz,i − pz,f − kz)(pz,i + pz,f + kz) ≡
∆p‖(pz,i + pz,f +kz). The absence of a delta function in pz once again follows from the assumption of
an immobile ion. The second term in the matrix element is related to Sfi[1] by substituting pz,i ↔ pz,f
and kz → −kz (corresponding to pz,I = pz,f + kz → pz,i − kz). Summing the two terms, we find
Sfi[1] + Sfi[2]=
iZe3pi
(2ωL7)1/2
δ(Ei − Ef − ω) δ
(
af − ai
λ2B
− ky
)
(εz)∗e−ikx(af+ai)/2e−λ
2
Bk
2
⊥/4
×K0(∆p‖ ai) 4m(pz,i + pz,f )[pz,f (Ei +m)− pz,i(Ef +m)]
[EiEf (Ei +m)(Ef +m)]1/2∆p‖[(pz,i + pz,f )2 − k2z ]
. (52)
We now take λB → 0 and calculate the differential cross section for a beam of particles:
1
2piai
dσ
dai
=
1
|βi|
L
T
∫
L3
ω2dωdΩ
(2pi)3
∫
Ldaf
2piλ2B
∫
L
dpz,f
2pi
∣∣Sfi[1] + Sfi[2]∣∣2. (53)
Integrating over the cross section of the beam and using the identity
∫∞
0
tK20(t)dt =
1
2
gives
ω
d2σ
dωdΩ
=
∑
pz,f
4Z2
pi
(
e2
4pi
)3 |εz|2
|βiβf |
ω2m2(pz,i + pz,f )
2[pz,f (Ei +m)− pz,i(Ef +m)]2
(∆p||)4[(pz,i + pz,f )2 − k2z ]2EiEf (Ei +m)(Ef +m)
. (54)
Here we sum over the two energetically permissible values of the final momentum, pz,f = ±
√
E2f −m2.
Note that the integral over impact parameter is convergent, due to the presence of a strong back-
ground magnetic field: the kinetic momentum of the outgoing electron is directed along the magnetic
field. The integral of Equation (54) over the solid angle is elementary but cumbersome; it is used in
the numerical evaluation of free-free emission from a thermal plasma but is not repeated here.
The effect of Debye screening of the ion’s Coulomb field is easy to include in this calculation, by
multiplying the electrostatic potential by exp(−r/rD). However, in many instances screening has
a negligible effect. The dominant contribution in the integral over impact parameter comes from
ai ∼ 1/∆p‖ ∝ ω−1. On the other hand, the Debye screening length is proportional to the inverse
of the plasma frequency. This means that screening can be ignored as long as ω lies well above the
plasma cutoff, because rD is much larger than the dominant emission impact parameter.
We next compare the integral of Equation (54) over solid angle with the formula derived by Bethe
& Heitler (1934) for relativistic free-free emission in the Born approximation and at B = 0:
ω
dσ
dω
=
Z2
m2
(
e2
4pi
)3
pf
pi
{
4
3
− 2EiEf
p2i + p
2
f
p2i p
2
f
+m2
(
iEf
p3i
+
fEi
p3f
− if
pipf
)
+Lg
[
8EiEf
3pipf
+
ω2(E2iE
2
f + p
2
i p
2
f )
p3i p
3
f
]
+
m2ωLg
2pipf
[
EiEf + p
2
i
p3i
i −
EiEf + p
2
f
p3f
f +
2ωEiEf
p2i p
2
f
]}
.(55)
Here
i,f = 2 ln
Ei,f + pi,f
m
; Lg = 2 ln
EiEf + pipf −m2
mω
. (56)
Figure 5 shows that the magnetic cross section is generally smaller than Equation (55), except near
the limiting frequency Ei −m where the final-state electron moves slowly.
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Figure 5. Comparison of the relativistic bremsstrahlung cross section for electrons interacting with protons
(Z = 1) in a background magnetic field (integral of Equation (54) over solid angle; black curves) with
the relativistic bremsstrahlung cross section in free space (Bethe & Heitler 1934; blue curves). Sequences
of curves correspond to a range of initial kinetic energy Ei,kin = (γi − 1)m. The cross sections have been
multiplied by a factor of Ei,kin for clarity. Each curve is cut off at the maximum photon frequency ω = Ei,kin.
It is possible to improve on the Born approximation for relativistic bremsstrahlung by correcting
the electron wave function for the electrostatic interaction with the ion (Elwert & Haug 1969; Nozawa
et al. 1998; van Hoof et al. 2015). In the absence of a background magnetic field, this produces the
correction factor first derived by Elwert (1939). Obtaining a similar correction factor for the magnetic
case is beyond the scope of the present investigation. Nonetheless, Equation (54) is expected to be
a good approximation as long as the kinetic energy of the final-state electron (or positron) exceeds
the hydrogen binding energy (Equation (38)); see Section 5.4.
5.2. Limiting Cases
The bremsstrahlung cross section (Equation (54)) simplifies in various regimes. At low emission
frequencies, ω  Ei,kin = Ei −m, one has
ω
d2σ
dωdΩ
= |εz|2 Z2αemr2e
(m/Ei)
4
piβ2i (1− βi cos θ)2
[
(m/Ei)
2
(1− βi cos θ)2 +
1
(1 + βi cos θ)2
]
. (57)
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Figure 6. Gaunt factor as a function of ω/T for a range of temperatures T .
The two terms on the right-hand side represent emission by forward-scattered and back-scattered e±.
The second term can be obtained from the Coulomb backscattering cross section (Equation (43)) by
multiplying by the soft photon factor αem(ω/2pi)
2(ε · pf/k · pf − ε · pi/k · pi)2. When the incident
electron moves subrelativistically,
ω
d2σ
dωdΩ
= |εz|2 Z2αemr2e
2
pi|βiβf | . (58)
5.3. Thermal Bremsstrahlung
We now evaluate the free-free emission from a thermal electron-proton plasma (Z = 1), with
electrons confined to the lowest Landau level,
d2nγ
dωdt
= nenp
〈
|βi|dσ
dω
〉
. (59)
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Here the cross section (Equation (54)) has been integrated over the solid angle of the emitted photon;
ne, np, and nγ are the number densities of electrons, protons, and photons, respectively; and〈
|βi|dσ
dω
〉
=
∫∞
pz,min
dpz,iβi exp[−γim/T ] dσ/dω∫∞
0
dpz,i exp[−γim/T ]
. (60)
The cutoff pz,min =
√
ω2 + 2mω corresponds to an incident electron of the minimum energy needed
to emit a photon of energy ω. We follow convention and describe this thermal average in terms of a
Gaunt factor g(T, ω), defined as〈
|βi|dσ
dω
〉
=
8αemr
2
e
3ω
e−(m+ω)/T
K1(m/T )
g(T, ω). (61)
This integral over the momentum of the incoming electron is performed numerically. The result is
shown in Figure 6 for a range of temperatures and is tabulated in Table 1.
The Gaunt factor can be evaluated analytically in some limiting cases. When m T  ω,
g(T, ω) = ln
(
4T
ω
)
− γEM, (62)
where γEM is the Euler-Mascheroni constant. Next, when m ω  T , we have
g(T, ω) =
√
piT
ω
. (63)
Both of these expressions agree with the nonrelativistic results of Pavlov & Panov (1976) in the
regime B  BQ (compare their Equations (38) and (41)). Equations (62) and (63) resemble the
results for free-free emission from an unmagnetized plasma with m T  1 Ry, for which g(T, ω) '
(
√
3/pi)[ln(4T/ω) − γEM] when ω  T , and g(T, ω) ' (3T/piω)1/2 when ω  T (e.g. Novikov &
Thorne 1973).
Table 1. Gaunt Factor and Related Error for T/m =
10−2,−1.5,...,0.5,1 and B = 100BQ
T/m = 10−2 T/m = 10−1.5 T/m = 10−1 T/m = 10−0.5 T/m = 100 T/m = 100.5 T/m = 10
ω/m g δg g δg g δg g δg g δg g δg g δg
0.0100 1.5093 0.7770 2.2798 0.8081 3.1692 0.8184 4.0545 0.8216 4.7988 0.8227 5.3180 0.8230 5.6217 0.8231
0.0107 1.4678 0.7517 2.2267 0.7817 3.1081 0.7917 3.9889 0.7949 4.7311 0.7959 5.2494 0.7962 5.5529 0.7963
0.0115 1.4270 0.7270 2.1742 0.7561 3.0473 0.7658 3.9235 0.7688 4.6635 0.7698 5.1809 0.7701 5.4840 0.7703
0.0123 1.3870 0.7031 2.1223 0.7313 2.9870 0.7406 3.8583 0.7436 4.5960 0.7446 5.1124 0.7448 5.4151 0.7449
0.0132 1.3477 0.6798 2.0710 0.7071 2.9270 0.7162 3.7933 0.7191 4.5285 0.7200 5.0439 0.7203 5.3463 0.7204
0.0141 1.3092 0.6573 2.0204 0.6837 2.8674 0.6925 3.7284 0.6953 4.4611 0.6962 4.9755 0.6964 5.2774 0.6965
0.0151 1.2715 0.6354 1.9704 0.6610 2.8082 0.6695 3.6638 0.6722 4.3939 0.6731 4.9071 0.6733 5.2086 0.6734
0.0162 1.2345 0.6142 1.9210 0.6390 2.7494 0.6472 3.5994 0.6498 4.3267 0.6506 4.8387 0.6509 5.1398 0.6510
0.0174 1.1982 0.5937 1.8723 0.6176 2.6910 0.6255 3.5352 0.6281 4.2596 0.6289 4.7704 0.6291 5.0710 0.6292
0.0186 1.1628 0.5737 1.8242 0.5969 2.6331 0.6045 3.4713 0.6070 4.1926 0.6078 4.7022 0.6080 5.0023 0.6081
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Table 1 continued
T/m = 10−2 T/m = 10−1.5 T/m = 10−1 T/m = 10−0.5 T/m = 100 T/m = 100.5 T/m = 10
ω/m g δg g δg g δg g δg g δg g δg g δg
0.0200 1.1281 0.5544 1.7768 0.5768 2.5757 0.5842 3.4076 0.5866 4.1257 0.5873 4.6339 0.5875 4.9335 0.5876
0.0214 1.0941 0.5356 1.7301 0.5573 2.5187 0.5645 3.3441 0.5667 4.0590 0.5675 4.5658 0.5677 4.8648 0.5678
0.0229 1.0609 0.5175 1.6841 0.5384 2.4622 0.5453 3.2809 0.5475 3.9924 0.5483 4.4976 0.5485 4.7961 0.5486
0.0245 1.0284 0.4999 1.6388 0.5201 2.4061 0.5268 3.2180 0.5289 3.9259 0.5296 4.4296 0.5298 4.7275 0.5299
0.0263 0.9967 0.4828 1.5942 0.5023 2.3506 0.5088 3.1554 0.5109 3.8595 0.5116 4.3616 0.5118 4.6588 0.5118
0.0282 0.9657 0.4663 1.5504 0.4852 2.2956 0.4914 3.0930 0.4934 3.7933 0.4941 4.2936 0.4943 4.5902 0.4943
0.0302 0.9355 0.4503 1.5072 0.4685 2.2412 0.4746 3.0310 0.4765 3.7272 0.4771 4.2258 0.4773 4.5217 0.4774
0.0324 0.9059 0.4347 1.4648 0.4524 2.1873 0.4582 2.9693 0.4601 3.6613 0.4607 4.1580 0.4609 4.4532 0.4609
0.0347 0.8771 0.4197 1.4231 0.4367 2.1339 0.4424 2.9079 0.4442 3.5955 0.4448 4.0902 0.4449 4.3847 0.4450
0.0372 0.8490 0.4052 1.3821 0.4216 2.0812 0.4271 2.8469 0.4288 3.5299 0.4293 4.0226 0.4295 4.3162 0.4296
0.0398 0.8216 0.3910 1.3419 0.4069 2.0290 0.4122 2.7862 0.4139 3.4645 0.4144 3.9551 0.4146 4.2478 0.4146
0.0427 0.7949 0.3774 1.3024 0.3927 1.9773 0.3978 2.7258 0.3994 3.3993 0.3999 3.8876 0.4001 4.1795 0.4002
0.0457 0.7688 0.3642 1.2637 0.3790 1.9263 0.3839 2.6659 0.3854 3.3343 0.3859 3.8202 0.3861 4.1112 0.3861
0.0490 0.7434 0.3513 1.2257 0.3656 1.8760 0.3704 2.6063 0.3719 3.2695 0.3724 3.7530 0.3725 4.0430 0.3726
0.0525 0.7187 0.3389 1.1884 0.3527 1.8262 0.3573 2.5472 0.3587 3.2049 0.3592 3.6858 0.3594 3.9748 0.3594
0.0562 0.6946 0.3269 1.1519 0.3402 1.7771 0.3446 2.4884 0.3460 3.1405 0.3465 3.6188 0.3466 3.9067 0.3467
0.0603 0.6712 0.3153 1.1161 0.3281 1.7286 0.3324 2.4301 0.3337 3.0764 0.3341 3.5519 0.3343 3.8387 0.3343
0.0646 0.6484 0.3040 1.0811 0.3164 1.6808 0.3205 2.3723 0.3218 3.0125 0.3222 3.4851 0.3223 3.7708 0.3224
0.0692 0.6262 0.2931 1.0468 0.3050 1.6336 0.3090 2.3149 0.3102 2.9489 0.3106 3.4185 0.3108 3.7030 0.3108
0.0741 0.6046 0.2825 1.0132 0.2940 1.5872 0.2978 2.2579 0.2991 2.8855 0.2994 3.3521 0.2996 3.6353 0.2996
0.0794 0.5836 0.2723 0.9804 0.2834 1.5414 0.2870 2.2015 0.2882 2.8224 0.2886 3.2858 0.2887 3.5677 0.2887
0.0851 0.5632 0.2624 0.9483 0.2730 1.4963 0.2766 2.1455 0.2777 2.7597 0.2781 3.2197 0.2782 3.5002 0.2782
0.0912 0.5433 0.2528 0.9169 0.2631 1.4519 0.2665 2.0901 0.2676 2.6972 0.2679 3.1537 0.2680 3.4328 0.2680
0.0977 0.5240 0.2435 0.8863 0.2534 1.4082 0.2567 2.0352 0.2577 2.6351 0.2580 3.0880 0.2582 3.3656 0.2582
0.1047 0.5053 0.2344 0.8563 0.2440 1.3653 0.2472 1.9809 0.2482 2.5734 0.2485 3.0225 0.2486 3.2985 0.2486
0.1122 0.4870 0.2257 0.8271 0.2349 1.3230 0.2380 1.9271 0.2389 2.5120 0.2392 2.9572 0.2393 3.2317 0.2394
0.1202 0.4693 0.2173 0.7985 0.2261 1.2815 0.2291 1.8739 0.2300 2.4510 0.2303 2.8922 0.2304 3.1650 0.2304
0.1288 0.4521 0.2091 0.7707 0.2176 1.2407 0.2204 1.8213 0.2213 2.3904 0.2216 2.8275 0.2217 3.0985 0.2217
0.1380 0.4354 0.2012 0.7435 0.2094 1.2007 0.2121 1.7694 0.2129 2.3302 0.2132 2.7630 0.2133 3.0322 0.2133
0.1479 0.4192 0.1935 0.7170 0.2014 1.1614 0.2040 1.7180 0.2048 2.2705 0.2051 2.6989 0.2052 2.9662 0.2052
0.1585 0.4034 0.1860 0.6912 0.1936 1.1229 0.1962 1.6673 0.1970 2.2112 0.1972 2.6351 0.1973 2.9004 0.1973
0.1698 0.3882 0.1788 0.6660 0.1861 1.0851 0.1886 1.6173 0.1893 2.1525 0.1896 2.5716 0.1897 2.8349 0.1897
0.1820 0.3733 0.1719 0.6415 0.1789 1.0481 0.1812 1.5680 0.1820 2.0942 0.1822 2.5085 0.1823 2.7697 0.1823
0.1950 0.3589 0.1651 0.6177 0.1719 1.0119 0.1741 1.5193 0.1748 2.0365 0.1750 2.4458 0.1751 2.7049 0.1751
0.2089 0.3450 0.1586 0.5945 0.1651 0.9764 0.1672 1.4715 0.1679 1.9794 0.1681 2.3836 0.1682 2.6404 0.1682
0.2239 0.3315 0.1523 0.5719 0.1585 0.9418 0.1606 1.4243 0.1612 1.9228 0.1614 2.3218 0.1615 2.5763 0.1615
0.2399 0.3184 0.1462 0.5500 0.1521 0.9079 0.1541 1.3779 0.1548 1.8669 0.1550 2.2605 0.1550 2.5126 0.1550
0.2570 0.3057 0.1403 0.5287 0.1460 0.8748 0.1479 1.3323 0.1485 1.8117 0.1487 2.1998 0.1487 2.4494 0.1488
0.2754 0.2934 0.1346 0.5080 0.1400 0.8424 0.1419 1.2875 0.1424 1.7571 0.1426 2.1396 0.1427 2.3866 0.1427
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Table 1 continued
T/m = 10−2 T/m = 10−1.5 T/m = 10−1 T/m = 10−0.5 T/m = 100 T/m = 100.5 T/m = 10
ω/m g δg g δg g δg g δg g δg g δg g δg
0.2951 0.2815 0.1290 0.4879 0.1343 0.8109 0.1360 1.2436 0.1366 1.7033 0.1368 2.0800 0.1368 2.3244 0.1368
0.3162 0.2700 0.1237 0.4684 0.1287 0.7802 0.1304 1.2005 0.1309 1.6502 0.1311 2.0210 0.1312 2.2628 0.1312
0.3388 0.2588 0.1185 0.4495 0.1234 0.7503 0.1250 1.1582 0.1255 1.5979 0.1256 1.9628 0.1257 2.2017 0.1257
0.3631 0.2481 0.1135 0.4312 0.1182 0.7212 0.1197 1.1169 0.1202 1.5464 0.1204 1.9052 0.1204 2.1413 0.1204
0.3890 0.2376 0.1087 0.4134 0.1132 0.6929 0.1147 1.0764 0.1151 1.4958 0.1153 1.8484 0.1153 2.0816 0.1153
0.4169 0.2276 0.1041 0.3963 0.1084 0.6654 0.1098 1.0369 0.1102 1.4461 0.1104 1.7924 0.1104 2.0227 0.1104
0.4467 0.2179 0.0996 0.3797 0.1037 0.6387 0.1051 0.9984 0.1055 1.3973 0.1056 1.7373 0.1057 1.9645 0.1057
0.4786 0.2086 0.0953 0.3637 0.0992 0.6128 0.1005 0.9608 0.1009 1.3495 0.1011 1.6830 0.1011 1.9071 0.1011
0.5129 0.1996 0.0912 0.3483 0.0949 0.5878 0.0962 0.9242 0.0965 1.3027 0.0967 1.6297 0.0967 1.8507 0.0967
0.5495 0.1909 0.0872 0.3334 0.0908 0.5636 0.0920 0.8886 0.0923 1.2570 0.0924 1.5774 0.0925 1.7951 0.0925
0.5888 0.1826 0.0834 0.3191 0.0868 0.5402 0.0879 0.8541 0.0883 1.2123 0.0884 1.5260 0.0884 1.7405 0.0884
0.6310 0.1746 0.0797 0.3053 0.0830 0.5176 0.0841 0.8205 0.0844 1.1687 0.0845 1.4758 0.0845 1.6869 0.0845
0.6761 0.1670 0.0762 0.2920 0.0793 0.4958 0.0803 0.7881 0.0807 1.1262 0.0808 1.4266 0.0808 1.6344 0.0808
0.7244 0.1596 0.0728 0.2793 0.0758 0.4749 0.0768 0.7567 0.0771 1.0850 0.0772 1.3786 0.0772 1.5830 0.0772
0.7762 0.1526 0.0696 0.2672 0.0724 0.4547 0.0734 0.7263 0.0737 1.0449 0.0738 1.3318 0.0738 1.5328 0.0738
0.8318 0.1458 0.0665 0.2555 0.0692 0.4354 0.0701 0.6971 0.0704 1.0060 0.0705 1.2863 0.0705 1.4837 0.0706
0.8913 0.1394 0.0636 0.2444 0.0662 0.4169 0.0670 0.6689 0.0673 0.9684 0.0674 1.2419 0.0674 1.4359 0.0674
0.9550 0.1333 0.0608 0.2337 0.0633 0.3992 0.0641 0.6419 0.0643 0.9320 0.0644 1.1989 0.0644 1.3893 0.0645
1.0233 0.1275 0.0581 0.2236 0.0605 0.3822 0.0613 0.6159 0.0615 0.8969 0.0616 1.1572 0.0616 1.3440 0.0616
1.0965 0.1219 0.0556 0.2139 0.0578 0.3661 0.0586 0.5910 0.0588 0.8631 0.0589 1.1168 0.0589 1.3001 0.0589
1.1749 0.1167 0.0532 0.2048 0.0553 0.3507 0.0561 0.5672 0.0563 0.8305 0.0564 1.0778 0.0564 1.2575 0.0564
1.2589 0.1117 0.0509 0.1960 0.0530 0.3360 0.0536 0.5444 0.0539 0.7993 0.0539 1.0401 0.0540 1.2162 0.0540
1.3490 0.1069 0.0487 0.1878 0.0507 0.3221 0.0514 0.5227 0.0516 0.7693 0.0516 1.0038 0.0517 1.1764 0.0517
1.4454 0.1024 0.0467 0.1800 0.0486 0.3089 0.0492 0.5021 0.0494 0.7407 0.0495 0.9689 0.0495 1.1379 0.0495
1.5488 0.0982 0.0447 0.1726 0.0466 0.2965 0.0472 0.4825 0.0474 0.7133 0.0474 0.9354 0.0474 1.1008 0.0474
1.6596 0.0942 0.0429 0.1656 0.0447 0.2846 0.0453 0.4638 0.0454 0.6871 0.0455 0.9032 0.0455 1.0652 0.0455
1.7783 0.0905 0.0412 0.1590 0.0429 0.2735 0.0434 0.4462 0.0436 0.6622 0.0437 0.8725 0.0437 1.0309 0.0437
1.9055 0.0869 0.0396 0.1529 0.0412 0.2630 0.0417 0.4295 0.0419 0.6386 0.0420 0.8430 0.0420 0.9980 0.0420
2.0417 0.0836 0.0381 0.1470 0.0396 0.2531 0.0401 0.4137 0.0403 0.6161 0.0404 0.8149 0.0404 0.9665 0.0404
2.1878 0.0805 0.0367 0.1416 0.0382 0.2438 0.0386 0.3988 0.0388 0.5948 0.0389 0.7881 0.0389 0.9363 0.0389
2.3442 0.0776 0.0353 0.1365 0.0368 0.2350 0.0372 0.3848 0.0374 0.5746 0.0374 0.7626 0.0375 0.9074 0.0375
2.5119 0.0748 0.0341 0.1317 0.0355 0.2268 0.0359 0.3716 0.0361 0.5555 0.0361 0.7384 0.0361 0.8799 0.0361
2.6915 0.0723 0.0329 0.1272 0.0343 0.2191 0.0347 0.3592 0.0348 0.5374 0.0349 0.7154 0.0349 0.8536 0.0349
2.8840 0.0699 0.0318 0.1230 0.0331 0.2119 0.0335 0.3475 0.0337 0.5204 0.0337 0.6935 0.0337 0.8286 0.0337
3.0903 0.0677 0.0308 0.1190 0.0321 0.2052 0.0325 0.3366 0.0326 0.5044 0.0326 0.6728 0.0327 0.8048 0.0327
3.3113 0.0656 0.0299 0.1154 0.0311 0.1989 0.0315 0.3263 0.0316 0.4893 0.0316 0.6532 0.0317 0.7821 0.0317
3.5481 0.0636 0.0290 0.1120 0.0301 0.1930 0.0305 0.3167 0.0307 0.4751 0.0307 0.6347 0.0307 0.7606 0.0307
3.8019 0.0618 0.0281 0.1088 0.0293 0.1875 0.0297 0.3078 0.0298 0.4617 0.0298 0.6171 0.0298 0.7401 0.0298
4.0738 0.0601 0.0274 0.1058 0.0285 0.1824 0.0289 0.2994 0.0290 0.4492 0.0290 0.6006 0.0290 0.7207 0.0290
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Table 1 continued
T/m = 10−2 T/m = 10−1.5 T/m = 10−1 T/m = 10−0.5 T/m = 100 T/m = 100.5 T/m = 10
ω/m g δg g δg g δg g δg g δg g δg g δg
4.3652 0.0586 0.0267 0.1030 0.0277 0.1776 0.0281 0.2915 0.0282 0.4374 0.0283 0.5850 0.0283 0.7024 0.0283
4.6774 0.0571 0.0260 0.1004 0.0270 0.1732 0.0274 0.2842 0.0275 0.4264 0.0275 0.5703 0.0276 0.6850 0.0276
5.0119 0.0557 0.0254 0.0980 0.0264 0.1690 0.0267 0.2774 0.0269 0.4161 0.0269 0.5565 0.0269 0.6685 0.0269
5.3703 0.0545 0.0248 0.0958 0.0258 0.1652 0.0261 0.2710 0.0262 0.4064 0.0263 0.5434 0.0263 0.6529 0.0263
5.7544 0.0533 0.0243 0.0937 0.0252 0.1616 0.0256 0.2651 0.0257 0.3974 0.0257 0.5312 0.0257 0.6382 0.0257
6.1660 0.0522 0.0238 0.0918 0.0247 0.1582 0.0250 0.2595 0.0252 0.3889 0.0252 0.5197 0.0252 0.6243 0.0252
6.6069 0.0512 0.0233 0.0900 0.0242 0.1551 0.0246 0.2543 0.0247 0.3810 0.0247 0.5088 0.0247 0.6111 0.0247
7.0795 0.0502 0.0229 0.0883 0.0238 0.1522 0.0241 0.2495 0.0242 0.3736 0.0242 0.4986 0.0242 0.5987 0.0242
7.5858 0.0493 0.0225 0.0868 0.0234 0.1495 0.0237 0.2450 0.0238 0.3667 0.0238 0.4891 0.0238 0.5870 0.0238
8.1283 0.0485 0.0221 0.0853 0.0230 0.1470 0.0233 0.2408 0.0234 0.3602 0.0234 0.4801 0.0234 0.5759 0.0234
8.7096 0.0477 0.0217 0.0840 0.0226 0.1447 0.0229 0.2369 0.0230 0.3541 0.0230 0.4717 0.0231 0.5655 0.0231
9.3325 0.0470 0.0214 0.0827 0.0223 0.1425 0.0226 0.2333 0.0227 0.3485 0.0227 0.4638 0.0227 0.5557 0.0227
10.0000 0.0464 0.0211 0.0816 0.0220 0.1405 0.0223 0.2299 0.0224 0.3432 0.0224 0.4564 0.0224 0.5464 0.0224
5.4. Validity of the Born Approximation
Equation (54) for the cross section, which is obtained in the Born approximation, is a good first-
order approximation only as long as the kinetic energy of the final-state electron (or positron) exceeds
the hydrogen binding energy in a magnetic field (38), Ef − m  |EH,0|. However, as can be seen
from Equation (54) and from Figure 5, the cross section diverges as βf → 0. Although the thermal
average of dσ/dω is convergent, a significant portion of the integral in Equation (60) may be supplied
by low momenta where the electrostatic correction to the electron wave function is significant.
To quantify this uncertainty, we have separately evaluated the part δg of the momentum integral in
Equation (60) supplied by pz,min ≤ pz,i ≤
√|EH,0|(2m+ |EH,0|). This estimate of the error in g(ω, T )
is included in Table 1. As the temperature becomes more relativistic, the fractional error δg/g drops.
The uncertainty is relatively large at subrelativistic temperatures. We expect this result to persist
in weaker magnetic fields even when the emissivity is calculated to all orders in the magnetic field,
as was done by Pavlov & Panov (1976).
5.5. Comparison with Radiative Recombination
In an unmagnetized plasma, the radiative recombination of hydrogen has a relatively large cross
section compared with free-free emission when the kinetic energy of the unbound electron is com-
parable to the ionization energy. The radiative free-bound cross section scales as σfb ∼ r2e/αem as
compared with ∼ αemr2e for free-free emission. Although these scalings with αem persist in the pres-
ence of an ultrastrong magnetic field, as we now show, other factors emerge that suppress free-bound
emission relative to free-free emission. The net result is that free-bound emission is only competitive
for ω > T .
The cross section σfb may be obtained from the photoionization cross section σbf using the prin-
ciple of detailed balance. We consider only subrelativistic electrons and photons of energy ω  m
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interacting with free protons and neutral hydrogen, in which case (Gnedin et al. 1974)
σbf =
8piαem
mω
( |EH,0|
ω
)3/2(
2 sin2 θ +
ω
2ωB
cos2 θ
)
. (64)
Here θ is the propagation angle of the absorbed photon with respect to B and ωB ≡ eB/m. This
cross section represents recombination to the most tightly bound hydrogen energy level, with angular
momentum quantum number s = 0.
To obtain the free-bound cross section, we focus on the simplest case of a partially ionized hy-
drogen gas interacting with a blackbody radiation field of a low enough temperature that cyclotron
excitations of the protons can be neglected. The densities of electrons and photons are
dne
dpz
= ne
e−p
2
z/2mT
(2pimT )1/2
;
d2nγ
dωd(cos θ)
=
ω2
(2pi)2
Nγ, (65)
where Nγ = 1/(e
ω/T−1). Detailed balance implies the following relation between the photoionization
and recombination cross sections:
(1 +Nγ)
pz
m
dσfb
d(cos θ)
np
dne
dpz
dpz = σbfnH
d2nγ
dωd(cos θ)
dω. (66)
The ratio npne/nH, where nH is the density of neutral H atoms, can be obtained by considering the
Boltzmann law, as applied to a two-level system consisting of a neutral atom and a proton paired
with a free electron moving in the momentum range (pz, pz + dpz):
dnp(pz)
nH
=
gpge
gH
exp
[
−|EH,0|+ p
2
z/2m
T
]
. (67)
Here the gi label the quantum degeneracies of the various states (gH = gp = 1) and
ge =
eBdpz
ne(2pi)2
(68)
is the differential statistical weight of the electron. Substituting these relations into Equation (67)
and integrating over pz, we obtain the relevant Saha ionization relation,
npne
nH
=
eB
(2pi)3/2
(mT )1/2 exp
[
−|EH,0|
T
]
. (69)
Substituting this into Equation (66) yields the generalized Milne relation
dσfb
d(cos θ)
= σbf
ω2
eB
. (70)
As required, this relation is independent of collective properties such as temperature. Finally, sub-
stituting Equation (64) gives the differential cross section,
dσfb
d(cos θ)
= 8pi
r2e
αem
(ωm
eB
)( |EH,0|
ω
)3/2(
2 sin2 θ +
ω
2ωB
cos2 θ
)
. (71)
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Integrating over the photon direction gives
σfb = 16pi
r2e
αem
(
ω/m
B/BQ
)( |EH,0|
ω
)3/2(
4
3
+
ω
6ωB
)
. (72)
In the nonrelativistic regime considered here, this cross section is significantly smaller than that of
electron-ion backscattering, as given by Equation (44).
In order to compare the relative importance of recombination emission and bremsstrahlung, we
consider the emission rate from a thermal distribution of electrons,
nenp
〈
|β|dσfb
dω
〉
≡ 2pω
m
σfbnp
dne
dpz
∣∣∣∣
pz=pω
dpz
dω
∣∣∣∣
pz=pω
, (73)
where pω ≡
√
2m(ω − |EH,0|), and dpz/dω = m/pω when evaluated at pz = pω. Defining a recombi-
nation Gaunt factor gR(T, ω) similarly to Equation (61), one has
gR(T, ω) =
6piω2
α2emeB
( |EH,0|
ω
)3/2
exp
[ |EH,0|
T
](
4
3
+
ω
6ωB
)
(ω ≥ |EH,0|). (74)
Figure 7 plots both this expression and g(T, ω) over a range of frequencies and temperatures.
6. SUMMARY
Continuing the approach of Kostenko & Thompson (2018), we have derived and analyzed the rates
of several electromagnetic processes in the presence of an intense magnetic field: electron-positron
scattering, e±-ion scattering, and e±-ion bremsstrahlung. The restriction of real and virtual e± to
the lowest Landau state allowed us to obtain relatively compact closed-form expressions for cross
sections.
A summary of our main results follows:
1. The cross section for the scattering of very strongly magnetized electrons and positrons is calcu-
lated for the first time (Section 3). This cross section is regulated by the finite width of intermediate-
state photons with energy exceeding 2m (the second term in Equation (35)).
2. The calculation of e±-ion backscattering is generalized to include both relativistic motion and
Debye screening (Section 4 and Equation (44)), with the ion treated as immobile.
3. The cross section for relativistic bremsstrahlung is derived in Section 5 in the Born approxima-
tion, with the ion treated as immobile, and compared with the nonmagnetic result (Bethe & Heitler
1934). At low frequencies and particle energies, the magnetic field suppresses the cross section by
about an order of magnitude, with the suppression becoming stronger at higher energies (Equation
(54) and Figure 5).
4. The free-free emission is averaged over a one-dimensional thermal electron distribution. The
corresponding Gaunt factor is tabulated in Table 1, and analytic nonrelativistic approximations to
it are derived. The uncertainty in the thermal bremsstrahlung emissivity arising from the neglect of
the electron-ion interaction in the spinor wave functions is quantified (Section 5.4). This uncertainty
becomes proportionately smaller as the electrons grow more relativistic.
5. The rate of photon emission by radiative recombination is derived and compared with thermal
bremsstrahlung (Section 5.5). Free-bound emission is shown to be negligible compared with free-free,
except at high frequencies, ω  T .
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Figure 7. Comparison of the bremsstrahlung Gaunt factor g(T, ω) (black curves) and the recombination
Gaunt factor gR(T, ω) (blue curves) for a range of subrelativistic temperatures and B = 100BQ. The arrows
point in the direction of increasing T . Free-bound emission is significantly weaker than free-free emission
except at high frequencies, where the emission is exponentially suppressed.
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APPENDIX
A. ELECTRON-POSITRON SCATTERING INTEGRALS
Here we evaluate the matrix element for electron-positron scattering in a general longitudinal
reference frame, as given by Equation (25). This involves the combination of integrals I2,µη
µνI1,ν . As
a first step, note that
[
v
(+1)∗
0,a+,i
]T
γ0γνη
µνu
(−1)
0,a−,i = i
φ0(x− a+,i)φ0(x− a−,i)
2[E+,iE−,i(E+,i +m)(E−,i +m)]1/2
×{pz+,i[ηµt(E−,i +m)− ηµzpz−,i] + (E+,i +m)[−ηµz(E−,i +m) + ηµtpz−,i]} .
(A1)
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Only the µ = t and z components of I2,µ contribute; these are, respectively,[
u
(−1)∗
0,a−,f
]T
v
(+1)
0,a+,f
= −i pz+,f (E−,f +m) + pz−,f (E+,f +m)
2[E+,fE−,f (E+,f +m)(E−,f +m)]1/2
φ0(x− a+,f )φ0(x− a−,f ); (A2)
and [
u
(−1)∗
0,a−,f
]T
γ0γzv
(+1)
0,a+,f
= i
pz+,fpz−,f + (E+,f +m)(E−,f +m)
2[E+,fE−,f (E+,f +m)(E−,f +m)]1/2
φ0(x− a+,f )φ0(x− a−,f ). (A3)
Substituting these results into Equations (26) and (27), and making use of the overlap integral in
Equation (11), we find
I2,µη
µνI1,ν =
eiqx(a+,f+a−,f−a+,i−a−,i)/2e−λ
2
B(q
2
x+q
2
y)/2 F (pz−,i, pz+,i, pz−,f , pz+,f )
4L4
√
E+,iE−,iE+,fE−,f (E+,i +m)(E−,i +m)(E+,f +m)(E−,f +m)
× (2pi)4δ
(
a+,i − a−,i
λ2B
− qy
)
δ
(
qy − a+,f − a−,f
λ2B
)
δ(pz+,i + pz−,i − qz) δ(qz − pz+,f − pz−,f ),
(A4)
where
F ≡ − [pz+,ipz−,i + (E+,i +m)(E−,i +m)][pz+,fpz−,f + (E+,f +m)(E−,f +m)]
+ [pz+,i(E−,i +m) + pz−,i(E+,i +m)][pz+,f (E−,f +m) + pz−,f (E+,f +m)] .
(A5)
Substituting Equation (A4) into Equation (25) gives
Sfi[2]=
−ie2
4L4
∫
dqx
eiqx(a+,f+a−,f−a+,i−a−,i)/2e−λ
2
B(q
2
x+q
2
y)/2
(E+,i + E−,i)2 − q2
× (2pi)
2δ
(3)
fi (E, py, pz)F (pz−,i, pz+,i, pz−,f , pz+,f )√
E+,iE−,iE+,fE−,f (E+,i +m)(E−,i +m)(E+,f +m)(E−,f +m)
, (A6)
where q2 = q2x + q
2
y + q
2
z , qz = pz+,i + pz−,i and qy = (a+,i − a−,i)/λ2B.
B. IONIC INTEGRALS
The matrix elements for both e±-ion scattering and e±-ion bremsstrahlung contain integrals over
the ion Coulomb field. The y integral in Equation (40) works out to∫ ∞
−∞
dy exp
[
iy
ai − af
λ2B
]
1√
x2 + y2 + z2
= 2K0
[
(ai − af )
√
x2 + z2
λ2B
]
, (B7)
where K0 is the modified Bessel function. Taking λB → 0, we see that this quantity peaks very
strongly at ai ≈ af . It may be expressed in terms of a delta function in af . Performing the integral∫ ∞
−∞
dafK0
[
(ai − af )
√
x2 + z2
λ2B
]
=
piλ2B√
x2 + z2
, (B8)
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we have
2K0
[
(ai − af )
√
x2 + z2
λ2B
]
→ 2piδ
(
ai − af
λ2B
)
1√
x2 + z2
. (B9)
Given a typical impact parameter ai ∼ 1/pz,i, we deduce that |af − ai| ∼ λ2Bpz,i, which is much
smaller than the width of the spinor wave functions (δx ∼ λB). Hence, we may take ai = af and
x = ai in evaluating the x and z integrals, the latter of which becomes∫ ∞
−∞
dz cos[(pz,i − pz,f )z] 1√
a2i + z
2
= 2K0[(pz,i − pz,f )ai]. (B10)
The Coulomb field is essentially constant over the domain of support of the x integral, which is easily
expressed in terms of the orthogonality relation∫
dx φnf (x− ai)φ0(x− ai) =
δnf ,0
L2
. (B11)
Along with considerations of energy conservation, this requires the final-state particle to be confined
to the lowest Landau level. The net overlap of the ingoing and outgoing spinors with the Coulomb
potential is presented in Equation (40).
The integrals Ii appearing in the bremsstrahlung matrix element (47) are evaluated in a similar
manner,
I1 =
e
4pi
K0[(pz,i − pz,I)ai] pz,ipz,I + (Ei +m)(EI +m)
L2[EiEI(Ei +m)(EI +m)]1/2
2piδ
(
aI − ai
λ2B
)
, (B12)
and
I3 = i
e
4pi
K0[(pz,i + pz,I)ai]
pz,i(EI +m) + pz,I(Ei +m)
L2[EiEI(Ei +m)(EI +m)]1/2
2piδ
(
aI − ai
λ2B
)
. (B13)
Meanwhile, the two integrals from the bremsstrahlung diagram that involve a real final photon are
unchanged from the electron-photon scattering considered in Kostenko & Thompson (2018):
I2 = −(εz)∗e−ikx(aI+af )/2e−λ2Bk2⊥/4 pz,I(Ef +m) + pz,f (EI +m)
2L2[EIEf (EI +m)(Ef +m)]1/2
(2pi)2δ
(
af − aI
λ2B
− ky
)
δ(pz,I−pz,f−kz),
(B14)
and
I4 = i(ε
z)∗e−ikx(aI+af )/2e−λ
2
Bk
2
⊥/4
pz,Ipz,f + (EI +m)(Ef +m)
2L2[EIEf (EI +m)(Ef +m)]1/2
(2pi)2δ
(
af − aI
λ2B
− ky
)
δ(pz,I+pz,f+kz).
(B15)
Here k2⊥ ≡ k2x + k2y.
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C. ERRATUM
This erratum is printed separately in the Astrophysical Journal, and is included for convenience
as an Appendix in this arXiv version of the paper. In summary, the cross section for radiative
recombination derivedin Section 5.5 must be corrected downward by a factor of 2.
C.1. Radiative Recombination
The rate for e− + p → H + γ, with both electrons and protons confined to the lowest Landau
level, has been obtained using a detailed balance argument. The left-hand side of Equation (66)
must be augmented by a factor of 2 to account for incident electrons of both positive and negative
longitudinal momentum pz, which are both created in the inverse process of photoionization. Then
the generalized Milne relation (70) is reduced by a factor of 1
2
,
dσfb
d(cos θ)
= σbf
ω2
2eB
, (C16)
as are the differential and total cross sections for radiative recombination,
dσfb
d(cos θ)
=4pi
r2e
αem
(ωm
eB
)( |EH,0|
ω
)3/2(
2 sin2 θ +
ω
2ωB
cos2 θ
)
;
σfb =8pi
r2e
αem
(
ω/m
B/BQ
)( |EH,0|
ω
)3/2(
4
3
+
ω
6ωB
)
, (C17)
and the recombination Gaunt factor,
gR(T, ω) =
3piω2
α2emeB
( |EH,0|
ω
)3/2
exp
[ |EH,0|
T
](
4
3
+
ω
6ωB
)
(ω ≥ |EH,0|). (C18)
This reduction in the free-bound cross section reinforces our conclusion that thermal free-bound
emission is subdominant to thermal bremsstrahlung; the revised Figure 7 is shown here.
C.2. Gaunt Factor Convention
The normalization of the free-free Gaunt factor given in Equation (61) is chosen to give a simple
analytic form for the Gaunt factor in the nonrelativistic regime (Equations (62) and (63)). It differs
from the conventional normalization for nonmagnetized free-free emission. We also quote the stan-
dard analytic approximations to the nonmagnetized Gaunt factor at the end of Section 5.3 without
commenting on this difference in normalization. Using our normalization of the Gaunt factor, the
nonmagnetic results would increase by a factor of 2pi/
√
3. This means that the free-free emissivity
of a nonrelativistic, but strongly magnetized, thermal plasma is weaker by a factor of 1
2
than the
standard nonmagnetic result.
C.3. Other Correction
Following the erratum of Kostenko & Thompson (2018), Equation (31) must increase by a factor
of 2.
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Figure 8. Revision to Figure 7. Comparison of the bremsstrahlung Gaunt factor g(T, ω) (black curves)
and the recombination Gaunt factor gR(T, ω) (blue curves) for a range of subrelativistic temperatures and
B = 100BQ. The arrows point in the direction of increasing T . Free-bound emission is significantly weaker
than free-free emission except at high frequencies, where the emission is exponentially suppressed. The
recombination curves are reduced by a factor of 12 compared with those originally published.
